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We study the Skyrmion dynamics in thin films under a temperature gradient. Our numerical simu-
lations show that both a single and multiple Skyrmions in crystal move towards the high temperature
region, which is the contrary to the particle diffusions. Noticing a similar effect in the domain wall
motion, we employ a theory based on the magnon dynamics to explain this counter-intuitive phe-
nomenon. Different from the temperature driven domain wall motion, Skyrmion’s topological charge
plays an important role, and a transverse Skyrmion motion is observed. Our theory turns out to be
in agreement with the numerical simulations, both qualitatively and quantitatively. Our calculation
indicates a very promising Skyrmion dynamic phenomenon to be observed in experiments.
PACS numbers: 75.70.Kw, 75.10.Hk, 66.30.Lw, 75.40.Mg
A Skyrmion is a topological configuration in which lo-
cal spins wrap around the unit sphere for an integer num-
ber of times[1]. After decades of theoretical discussions[2,
3], it has been recently observed in the bulk sample of
MnSi[4]. This material is a typical helimagnet where in-
version asymmetry induced Dzyaloshinsky-Moriya (DM)
interaction is significant; the latter plays an important
role to generate Skyrmion configurations. Their neutron
scattering study shows that Skyrmions perfectly pack
themselves in triangle crystals as a compromise between
DM interaction and ferromagnetic Heisenberg exchange.
However, due to the competition between conical phase,
the Skyrmion phase unfortunately survives only in a nar-
row window at finite temperatures[4]. Later, real space
image in FexCo1−xSi thin film[5] has demonstrated that
a Skyrmion crystal phase can be considerably enlarged
in two dimensions, and stable down to zero tempera-
ture [6–8]. Further exploration shows that Skyrmion
phases are not only present in these two metallic ma-
terials, but also in insulating materials like Cu2OSeO3[9]
and BaFe1−x−0.05ScxMg0.05O19[10].
After the discovery of Skyrmion crystals, numer-
ous efforts has been devoted to the manipulations of
Skyrmions. Due to their topological nature, Skyrmions
remain stable against moderate perturbations. There-
fore, controlling the motion of Skyrmions would allow
for potential applications of Skyrmion physics. To this
end, Skyrmion dynamics has been discussed in detail[11–
13]. One well accepted way to control the motion of
Skyrmions in metallic thin films is via a current. Un-
like the regular domain wall motion driven by the cur-
rent, the Skyrmion motion can occur at a tiny cur-
rent threshold[14]. This advantage makes low-dissipative
Skyrmion manipulation possible. An interesting ques-
tion is if it is possible to drive the motion of insulating
Skyrmions. If the answer is positive, one can thoroughly
get rid of the dissipations from the conducting current.
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In this letter, we study the directional motion of in-
sulating Skyrmions under a temperature gradient. Insu-
lating materials help us to get rid of the influence from
conduction electrons[14, 15]. Interestingly, our study
shows that Skyrmions unconventionally move towards
high temperature regions, contrary to the usual Brow-
nian motion. A Skyrmion as a large-size quasi-particle
appears to have negative diffusive coefficient. Followed
by numerical simulations, a magnon assisted theory is
employed to explain this novel phenomenon.
Numerical Simulation: To simulate the magnetization
dynamics at finite temperature, the stochastic Landau-
Lifshitz-Gilbert (LLG) approach is employed[16, 17].
The effect of the thermal fluctuation at the temperature
T is characterized by a random field L in addition to the
usual LLG equation. The equation of motion is given by
m˙ = −γm× (Heff + L) + αm × m˙ (1)
where γ = g/h¯ is the gyromagnetic ratio and α is
the Gilbert damping coefficient. The magnitude of the
magnetization m is normalized to unity. In the case
of ferromagnetic insulators, α can be tiny, due to the
absence of conduction electrons to dissipate the mag-
netization energy. Heff = −∂H/∂m is the effective
field acting on the local magnetization m. In order
to eventually achieve thermal equilibrium eventually,
the dissipation-fluctuation relation〈Lµ(r, t)Lν(r′, t′)〉 =
ξδµνδ(r − r′)δ(t − t′) is satisfied, where ξ = αa2kBT/γ
and a is the lattice constant. The average 〈〉 is taken over
all the realizations of the fluctuation field. Here, a uni-
form but small temperature gradient is assumed. As the
thermal fluctuation of each spin is about kBT , which is
about J/10 in our simulation. As long as it is larger than
the temperature difference between neighboring sites, the
local equilibrium can be established and this stochastic
LLG approach is justified. In this case, ξ, together with
T , is a linear function of the position. In what follows, the
temperature gradient is turned on longitudinally along
the x direction. Numerically, the stochastic field Lµ(r, t)
is created by a random number generator with the mean
square controlled by the temperature, and the stochas-
2FIG. 1: Snapshots of Skyrmion motions. Color bars stand
for the topological charge density q. At the critical magnetic
field of H = 0.3J , single Skyrmion is generated (a). Under
temperature gradient, it moves from low to high temperature
(b). Skyrmion crystal moves in a similar way under a lower
magnetic field H = 0.15J (c, d).
tic LLG equation Eq.(1) is integrated out in the deter-
ministic Heun scheme[16], with a time step of 0.05h¯/J .
The initial Skyrmion configurations are given by classi-
cal Monte Carlo updates followed by further relaxation
realized by solving the LLG equation with a fourth order
Runge-Kutta method[5].
We employed the standard model given by
H =
∑
〈ij〉
[−Jmi ·mj +Dij · (mi×mj)]−
∑
i
H ·mi (2)
where the DM vector Dij = Drˆij points from one local
magnetization to the other. The magnetic field H = Hzˆ
is perpendicular to the film. H relates the real magnetic
field h by H = µBh. In the simulations, the Heisen-
berg exchange J/kB = 50K, and the strength of DM
interaction D = 0.5J . Note in reality, D is an order of
magnitude smaller. The advantage of large D in current
simulation is to reduce the Skyrmion radius and save the
calculation resources. The lattice spacing a is 5A˚, and
the full simulated sample size is 150a×50a, which is much
larger than the Skyrmion radius (about 5a). Therefore
the finite size effect is safely negligible. Gilbert damping
α is set to be 0.1. This value is relatively larger than the
realistic case, but it is helpful to get a relatively larger
stochastic field to make the Skyrmion motions transpar-
ent in simulations.
The phase diagram of the Hamiltonian in Eq.(2) is al-
ready known[5, 18]. The phase transition between the
Skyrmion crystal and the ferromagnetic phase appears
to be of first order and, therefore, the coexistence of
both phases are observed. By tuning the external mag-
netic field H up to a critical value, the Skyrmion crys-
tal is melted so that one can have chance to get a sin-
gle Skyrmion on the thin film. The snapshots of a sin-
gle Skyrmion are shown in Fig.1(a). Once the mag-
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FIG. 2: (Color online.) (a) A typical simulation showing the
Skyrmion’s instant longitudinal positions. Although it fluctu-
ates at under finite temperature, a forward average velocity is
observed. (b) A linear scaling between the longitudinal veloc-
ity and the temperature gradient (red line). A nonvanishing
vy also addressed (blue line), indicating the Skyrmion Hall
effect.
netic field is further reduced, a perfect Skyrmion crys-
tal is energetically favored (Fig.1(c)). The color bars
in these plots indicate the topological charge density
q = 14pim · (∂xm × ∂ym). The total topological charge
Q =
∫
d2rq counts the number of Skyrmions in the lat-
tice.
As the simulation goes on, the single Skymion starts to
move under the effect of the stochastic field. Although
the instant velocity appears to be random, the overall
velocity is nonzero. Quantitatively, we can define the
center position rc of the Skyrmion weighed by the topo-
logical charge: rc =
∫
d2rm · (∂xm × ∂ym)r/
∫
d2rm ·
(∂xm× ∂ym). Fig.2(a) shows a typical simulation result
of the relation between the center position and the simu-
lation time. At short time scales, the Skyrmion oscillates
around an average position, in accordance with the ther-
mal fluctuation. In the long run, the Skyrmion drifts
directionally. The mean velocity is derived by averaging
over 1000 simulated events. Its relation with the tem-
perature gradient is shown in Fig.2(b). The longitudi-
nal velocity is proportional to the temperature gradient.
Meanwhile, the transverse velocity is nonzero and linear
in temperature gradient as well, although the magnitude
is one order of magnitude smaller than the longitudi-
nal one. The transverse motion of Skyrmion is another
example of the Skyrmion Hall effect in analogy to the
conventional Hall effect for electrons[11].
A surprising result is that the Skyrmion moves from
the low temperature region to the high temperature one,
as shown in Fig.1(b). It is generally known that under
a temperature gradient, particles like electrons should
move to the cold terminal, due to the low density of hot
particles at the cold end. This directional Brownian mo-
tion gives rise to various phenomena such as the Seebeck
effect. Our result contradicts this physical picture. This
effect even holds also for the entire Skyrmion crystal in
which multiple Skyrmions are driven by the temperature
gradient. As shown in Fig.1(d), the whole crystal shifts
towards high temperatures in a similar way. However,
3(b)
FIG. 3: (Color online.) (a) Sketch of physical picture for
the Skyrmion motion towards high temperature. Red arrow
stands for the local magnetization constructing the Skyrmion
configuration. Blue arrow stands for the spin of magnon,
which points opposite to the local magnetization. Under a
temperature gradient, magnons move from the high temper-
ature region to the low temperature one indicated by j, re-
sulting in an opposite motion v for the Skyrmion. (b)The
scaling of Skyrmion velocity with the Gilbert damping α. vx
is inversely proportional to α (red line and the inset). vy is
almost independent of α (blue line).
the crystal melts a little bit during the diffusion process.
Theory: In order to understand the counter-
intuitive diffusion direction, a magnon assisted theory is
employed[19]. In the simplest case of a ferromagnet po-
larized along zˆ, the spin’s deviation (nx, ny) from its equi-
librium direction is described by the presence of magnons.
The magnon creation operator is a† = (nx−iny)/
√
2, and
the magnon number operator is ρ = a†a = 12 (n
2
x + n
2
y).
The spin component along the equilibrium direction is
simply nz =
√
1− (n2x + n2y) ≈ 1 − ρ. This result shows
that each magnon carries spin one polarized antiparallelly
with the equilibrium direction. Therefore, once there
is a Skyrmion under a temperature gradient, as shown
in Fig.3(a), magnon as a low-lying excitation responses
much more actively than the Skyrmion itself. As a typ-
ical quasiparticle, the magnon diffuses from hot to cold
end in the usual way. Due to the antiparallel alignment of
the spin, the magnon current provides a negative trans-
fer torque on the Skyrmion. Due to the conservation of
the total angular momentum, the Skyrmion moves in the
opposite way.
To quantitatively formulate this physical picture, let’s
decompose the local magnetizations into the slow mode
ms and the orthogonally fast mode mf = ms × n: m =
(1−m2f )1/2ms+mf . The slow mode is responsible for the
equilibrium configuration of the Skyrmion. Substituting
it into the continuum version of the Hamiltonian H =∫
d2r[ 12J(∇m)2 + Da m · (∇ ×m) − Ha2 ·m] and keeping
only the dominant terms arising from the fluctuations of
fast mode, one can get the following equation of motion
for the slow mode[18, 19]:
m˙s = −γJa2j ·∇ms − γms × L+ αms × m˙s (3)
where ji = ms·(n×∂in) = i(∂ia†a−a†∂ia) is the magnon
current induced by the temperature gradient. Note that
the first term on the right hand side of Eq.(3) is analo-
gous to the spin transfer torque provided by the itinerant
electrons in the adiabatic limit[11, 20]. However the sign
is different in the two cases. The negative sign here corre-
sponds to the negative transfer torque from the magnons.
Ignoring the deformation of the Skyrmion, the slow
modes can be written in terms of the collective coor-
dinates u(t) as ms(r, t) = m
0
s(r − u(t)), where m0s is
the ground configuration, and u(t) describes the po-
sition of the Skyrmion. Inserting it into Eq.(3) and
integrating over the ground configuration, one finally
gets the equation motion for the collective coodinates
Qεij u˙j(t) = QγJa
2εijjj + 2αηu˙i(t) +
γ
4pi
∫
d2r∂im
0
s ·
L(r+ u, t), where the shape factor η = 18pi
∫
d2r∂im
0
s ×
∂im
0
s is close to unity. We define a collective stochas-
tic force li acting on the Skyrmion as a whole by
li(u, t) =
∫
d2r∂im
0
s ·L(r+ u, t), whose average then sat-
isfies 〈li(u, t)lj(u′, t′)〉 = ξ′δijδ(u− u′)δ(t−t′) with a new
mean square ξ′ = 8piηξ = 8piαηa2kBT/γ. The collec-
tive equation of motion resembles the standard Langevin
equation. Let P (r, t) be the probability to find the
Skyrmion at position r and the time t. It thus satis-
fies the Fokker-Planck equation[21]: ∂P∂t = −[γJa2jx −
2( γ4piQ )
2(∂xξ
′)]∂xP − γJa2jx · 2αη∂yP + ( γ4piQ )2ξ′(∂2x +
∂2y)P . At the current stage, we are only interested in
the lowest order traveling wave solution of the Fokker-
Planck equation, namely P (r, t) = P (r − vt). The last
term provides nonlinearity: it thus broadens the wave
package and can be neglected. Finally, we get the av-
erage velocity of the Skyrmion in both the longitudinal
and transverse directions
vx = γJa
2jx − γ
piQ2
αηa2kB
dT
dx
≡ vMx − vB (4)
vy = 2αηv
M
x (5)
The contributions from the magnon and the Brownian
motion are separable and are denoted, respectively, by
vMx,y and v
B. Eq.(4) shows explicitly that their effects
are completely opposite: the Skyrmion is pushed by the
Brownian motion towards the cold terminal, while it is
pulled back to the hot end by the magnon. On the other
hand, as the temperature gradient is exerted along the x
direction, the Brownian motion along the y direction van-
ishes on the average. Only the magnon effect contributes
to the transverse velocity, which is a factor α smaller than
the longitudinal one, agreeing with the numerical simula-
tion in Fig.2b. This Hall effect of the Skyrmion motion is
closely related to the topology of the Skyrmion texture
captured by the nonzero topological charge Q. Gener-
ally speaking, a directional transverse motion requires
the breaking of time reversal symmetry. Here it is the
dissipative damping α that breaks time reversal. There-
fore one expects the proportionality between transverse
velocity and Gilbert damping α.
Now it is important to evaluate the magnon current.
To this end, we can apply a semi-classical approach
with the relaxation time approximation[22]. The vari-
ation from the Bose-Einstein distribution f is given by
4δf = τ ∂f∂ε
ε
T v · ∇T . τ is the relaxation time. The
magnon current is consequently j = a2
∫
d2k
(2pi)2 kxa
†
kak =
a2
∫
d2k
(2pi)2 τkx
∂f
∂ε
ε
T
∂ε
h¯∂kx
dT
dx . In this simple evaluation,
higher order processes such as magnon-magnon interac-
tions are neglected so that τ is given by the Gilbert damp-
ing only. In the presence of a nonzero α, the magnon
frequency acquires an imaginary value αω. Therefore
the magnon number decays exponentially as ρ(t) ∼
exp(−2αωt). The relaxation time is thus τ = 1/(2αω).
According to the work by Petrova and Tchernyshyov[23],
linear dispersion is respected in the Skyrmion crystal,
given by εh¯ω = 12M0Daγh¯k ≡ sh¯k, where M0 is the
magnitude of the local spin. s is the effective velocity of
the magnon. Finally one gets the magnon current given
by
j = jx =
pi
24
a2(
kB
h¯s
)2
T
α
dT
dx
(6)
This result indicates that the magnon current, as well
as the Skyrmion velocity, is proportional to the temper-
ature gradient. It is quite consistent with the numer-
ical result in Fig.2. This evaluation also explains the
reason why the magnon contribution is overwhelming in
Eq.(4). The ratio between these two contributions is
vB/vMx =
6
piα
2 D2
JkBT
. It is definitely a small number due
to the small DM interaction and the tiny damping coef-
ficient. The net effect of the Brownian motion is almost
invisible in this case.
Another interesting conclusion from Eq.(6) is that j is
inversely proportional to α. Consequently, the longitudi-
nal Skyrmion velocity is also inversely proportional to α,
while the transverse velocity is independent of α. In real-
ity, dislocations or imperfections of the Skyrmion lattice
may affect the magnon dispersion significantly. However,
as long as the magnon-magnon interaction is negligible,
the inverse proportionality between the longitudinal ve-
locity and the Gilbert damping always holds. In the case
of insulating helimagnets, as the magnetization energy
can hardly be dissipated away, the Gilbert damping is
tiny. The Skyrmion velocity can be quite large instead.
In order to test this theory, we scaled the velocity with
respect to α from the simulations, as shown in Fig.3(b).
A nice inverse proportionality between vx and α is explic-
itly addressed. vy remains almost the same for different
α values. These results match well with our theory.
A similar magnon assisted theory was applied to the
case of domain wall motion[17, 19]. However, the dif-
ference brought by the topology of the Skyrmion is pro-
found. In the derivation of collective equation of mo-
tion, the quantization of topological charge Q is applied,
which is the key feature of the Skyrmion. For the domain
wall case, the total topological charge vanishes, so that
this method doesn’t apply. The collective equation of
motion for the Skyrmion provides us a universal dynam-
ics that weakly depends on the detailed structure of the
Skyrmion. Furthermore, the Skyrmion stability allows us
to treat it as a quasiparticle, so that the Fokker-Planck
equation comes into play. The generalization from 1D do-
main wall to 2D Skyrmion crystal brings new phenomena
such as the Skyrmion Hall effect.
Estimates: For Cu2OSeO3, J/kB ∼ 50K, M0 = 1/2,
and the spiral period is λ ≈ 2piJa/D ∼ 50nm[9]. Let
a ∼ 5A˚, thus D/kB ∼ 3K, and the effective velocity
s ∼ 15.6m/s. As a reasonable estimate, let α = 0.01,
then our theory gives vx ∼ 1.2 × 10−4 dTdx (m/s). In the
numerical simulations, vx ∼ 10−7 dTdx for α = 0.1. This
three orders of magnitude of difference can be perfectly
fixed by noting a difference of a factor ∼ 10 in DM inter-
action D, and another factor 10 in the Gilbert damping
α. This serves as a quantitative confirmation of our the-
ory. Experimentally a reasonably large temperature gra-
dient is about 1K per millimeter[24], so that a velocity of
0.1m/s can be achieved. This Skyrmion motion can be
traced by real-space spectroscopies such as the Lorentz
TEM. Another interesting issue is how to observe this
phenomenon by transport measurements. As itinerant
electrons are absent, signals of the topological Hall effect
present in metallic Skyrmion crystals[25, 26] is missing
here. Probably the measurement technique of the spin
Seebeck effect would come to help as a moving Skyrmion
carries a spin current. There’s no spin polarized electron
current in this system, so that the signal of the moving
Skyrmion would be dominant.
Compared to the domain wall motion, a peculiar ad-
vantage of the Skyrmion motion is its tiny pinning in-
dicated by the small threshold current in current driven
case. This pinning results from impurities and lattice
imperfections, which have basically the same level in in-
sulating and metallic Skyrmion crystals. A low critical
current of 106A/m2 is observed in MnSi[14], which cor-
responds to a theoretical velocity of 10−4m/s[11]. Our
estimate of the temperature gradient driven Skyrmion
motion is far beyond this threshold, thus it can be easily
realized. The interaction between magnon and Skyrmion
discussed here might open a new field of ’Skyrmionic
magnonics’.
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I. NUMERICAL DETAILS
The lattice Hamiltonian in the numerical simulations
is given by
H = −J
∑
r
mr · (mr+xˆ +mr+yˆ)
−D
∑
r
[xˆ · (mr ×mr+xˆ) + yˆ · (mr ×mr+yˆ)]
−H
∑
r
mz
r
(7)
where the first term is the ferromagnetic Heisenberg ex-
change, the second term is the Dzyaloshinskii-Moriya in-
teraction, and the last term is the Zeeman coupling. The
'data-new'u 2:1:3
FIG. 4: The phase diagram of the model Hamiltonian.
effective field Heff acting on mr is therefore given by
Heff = −∂H/∂mr (8)
= J(mr+xˆ +mr+yˆ) +D(mr+xˆ × xˆ+mr+yˆ × yˆ) +Hzˆ
In the absence of external magnetic field H , a helical
order is favored at low temperature. The reason is the
following. As Dzyaloshinskii-Moriya interaction breaks
inversion symmetry, its Fourier transformation gives a
term linear in wavevector k, contrary to the k2 term
contributed by the Heisenberg exchange. Energy can be
minimized at a nonzero wavevector k ∼ D/J , and the he-
lical state is generated. However, the total magnetization
in the helical state is zero, so that it cannot save energy
from the Zeeman term. Once magnetic field is turned on,
a phase transition from the helical state to the Skyrmion
crystal state is observed. The large magnetic field limit
corresponds to a ferromagnetic state.
In our simulations, D = 0.5J . The finite temperature
phase diagram is shown in Fig. 1. It shows explicitly that
the Skyrmion crystal phase is stabilized down to zero
temperature. The phase transition from the Skyrmion
crystal to ferromagnetic state is believed to be first order,
so that dilute Skyrmions are observed at a narrow mag-
netic field/temperature window. In the dynamical simu-
lations, the Skyrmion crystal corresponds to H = 0.15J ,
while a single Skyrmion is generated at H = 0.3J .
In the stochastic LLG equation, the choice of time step
for numerical integration is an important issue. In each
simulated event, the final time is set to be 1000h¯/J =
9.6× 10−10s. The mean velocity is derived by averaging
over 1000 simulated events. Fig. 2 shows the relation
between average longitudinal velocity and the time step.
It shows the result is convergent once the time step is
smaller than 0.06ps. In the simulations in the main con-
tent, a time step of 0.05h¯/J = 4.8× 10−14s is employed.
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FIG. 5: The relation between the average longitudinal veloc-
ity and the time step in the numerical integration. Conver-
gence is achieved once the time step is smaller than 0.06ps.
II. DERIVATION OF EQ. (5)
In order to derive an equation of motion describing
the effect of magnons on the equilibrium magnetization
configurations, one has to separate these two degrees of
freedom. To this end, let’s decompose each local mag-
netization m into slow modes ms and orthogonally fast
modes mf
m = (1−m2f )1/2ms +mf
≈ ms +mf − 1
2
(m2f )ms + O(m
3
f ) (9)
where ms describes the equilibrium configuration, while
mf is responsible for the magnonic dynamics. As the
Hamiltonian is given by
H =
∫
d2r[
1
2
J(∇m)2 + D
a
m · (∇×m)− H
a2
·m], (10)
the effective fieldHeff in the Stochastic Landau-Lifshitz-
Gilbert equation m˙ = −γm× (Heff + L) + αm × m˙ is
therefore
Heff = −∂H/∂m
= Ja2∇2m− 2Da∇×m+H (11)
= Ja2∇a[∇ams −mf(∇amf )ms − 1
2
m2f∇ams
+∇amf ]− 2Da[∇×ms +∇×mf
−mf (∇mf )×ms − 1
2
m2f∇×ms] +H+ o(m3f )
As mf has a characteristic length scale of lattice con-
stant a, compared to a length scale of (J/D)a for ms,
it contributes larger derivatives. Therefore the leading
terms of the torque are listed in the following
−m×Heff ≈ −Ja2ms ×∇2mf − Ja2mf ×∇2mf
Here the DM terms on mf and ms can be completely
neglected as only one spatial derivative will be taken into
account, which is one order of magnitude smaller than the
Heisenberg term. Contributions from the Zeeman term
are negligible in a similar way. Besides, as mf is a fast
mode behaving as a function of sine or cosine in time, by
taking the average over time, linear terms in mf can be
discarded as well. Therefore
−m×Heff ≈ −Ja2mf ×∇2mf (12)
= −Ja2∇(mf ×∇mf ) (13)
Noticing mf ⊥ ms, let mf = ms × n, where n is an
arbitrary vector perpendicular to ms. Substitute it into
the expression of the torque, then
mf ×∇mf = (ms × n)×∇(ms × n)
= (ms × n)× (∇ms × n+ms ×∇n)
= −n∇ms · (ms × n) +ms∇n·(ms × n)
≈ ms∇n·(ms × n)
= msj (14)
where j = ∇n·(ms × n) is the magnon current defined
in the main content. Here again we applied the fact that
∇n is overwhelming. Consequently
∇(mf ×∇mf ) = (∂µms)jµ +ms∂µjµ (15)
Assume magnon current is steady so that ∇ · j = 0, then
the torque is given by
−m×Heff = −Ja2jµ(∂µms) (16)
The stochastic part of the spin transfer torque is simply
− γm× L =− γ(ms +mf )× L ≈ −γms × L (17)
The term −γmf×L is neglected as it is a linear function
of mf only, whose time average vanishes. Due to the
same reason, the Gilbert damping term is
αm × m˙ ≈ αms × m˙s + αmf × m˙f (18)
As discussed above,mf is completing cyclotron rotations
with respect to ms, which in basically a sine or cosine
function in time. The time derivative turns a sine func-
tion to cosine and vice versa. Therefore the time average
of αmf × m˙f vanishes so that
αm × m˙ ≈ αms × m˙s (19)
As a result, the LLG equation for ms is given by
m˙s = −γJa2jµ∂µms − γms × L+ αms × m˙s (20)
which is exactly the Eq. (5) in the main content.
The magnon part of this equation of motion shows sim-
ilarity with the magnetization dynamics in the presence
of a charge current, which is given by[1, 2]
m˙s =
h¯γ
2e
jµ∂µms (21)
7here j is the electric current flowing through the magnetic
sample. In deriving this equation, adiabatic approxima-
tion is applied such that the spins of itinerant electrons
are always parallel with the local magnetizations ms.
The steady charge current contributes a term of H =
− 1c
∫
d2xj · a to the spin Hamiltonian and leads to the
equation of motion Eq. (21). Here aµ =
h¯c
2e (1−cos θ)∂µϕ
is the emergent gauge field associated with the magne-
tization configuration ms, where θ and ϕ are the incli-
nation and azimuthal angles of ms respectively[3]. One
can easily show that the corresponding emergent mag-
netic field b = ∇×a = h¯c2ems · (∂xms× ∂yms) counts the
topological charge density.
The similarity between the magnon driven magnetiza-
tion dynamics and the current driven one indicates that
the magnon current j couples to the emergent gauge field
a in the same way. The reason comes from the key physi-
cal picture introduced in the main content. The magnon
naturally obeys the adiabatic approximation in the lead-
ing order as the spin of a magnon is nothing but the
reverse of its equilibrium direction ms. The validity of
adiabaticity leads to the same structure as the current
driven one. The only difference is the sign in front the
jµ∂µms in Eq. (20) and Eq. (21). This is because the
magnetization ms is parallel with the spin of itinerant
electron, while anti-parallel with the spin of magnon.
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